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Abstract 

In this paper, we give a new realization of crystal bases for irreducible highest weight 
modules over U q (G2) in terms of monomials. We also discuss the natural connection 
between the monomial realization and tableau realization. 



Introduction 

In 1985, the quantum groups U q (g), which may be thought of as g-deformations of the uni- 
versal enveloping algebras U(g) of Kac-Moody algebras g, were introduced independently by 
Drinfel'd and Jimbo [1, 4]. The integrable highest weight representations over symmetrizable 
Kac-Moody algebras can be deformed consistently to the highest weight representations over 
the corresponding quantum groups for generic q [20]. From this point of view, the crys- 
tal basis theory for integrable modules over quantum groups was developed by Kashiwara 
[10, 11]. Crystal bases can be viewed as bases at q = and they are given a structure of 
colored oriented graphs, called the crystal graphs. Crystal graphs have many nice combina- 
torial properties reflecting the internal structure of integrable modules. In [13], Kashiwara 
and Nakashima gave an explicit realization of crystal bases of finite dimensional irreducible 
modules over classical Lie algebras using semistandard tableaux with given shapes satisfying 
certain additional conditions. Motivated by their work, Kang and Misra discovered a tableau 
realization of crystal bases for finite dimensional irreducible modules over the exceptional Lie 
algebra G2 [9]. In [17], Littelmann gave another description of crystal bases for finite dimen- 
sional simple Lie algebras using the Lakshmibai-Seshadri monomial theory. His approach was 
generalized to the path model theory for all symmetrizable Kac-Moody algebras [18, 19]. 
*This research was supported by KOSEF Grant # 98-0701-01-5-L 



In [14], Kashiwara and Saito gave a geometric realization of the crystal graph B(oo) of 
U~(g) as the set of irreducible components of a lagrangian subvariety C of the quiver variety 
9Jt and in [25], Saito extended their idea to the crystal base B(X) of irreducible highest 
weight modules of U q (g). In [21], a crystal structure on the set of irreducible components 
of a lagrangian subvariety 3 of the quiver variety Wl was given. In [22], Nakajima gave 
the set of J7,j(Lg)-modules M(P), called the standard modules, with a loop algebra Lg of 
g and Drinfel'd polynomials P, and in [23] he introduced the t-analogs Xq,t of g-character. 
While studying the t-analogs of g-character of standard modules M, he discovered that these 
irreducible components of a lagrangian subvariety 3 are identified with certain monomials, 
and so the action of Kashiwara operators can be interpreted as multiplication by monomials. 
Moreover, in [12, 24], Kashiwara and Nakajima gave a crystal structure on the set A4 of 
monomials and they showed that the connected component M(X) of Ai containing a highest 
weight vector M with a dominant integral weight A is isomorphic to the irreducible highest 
weight crystal B(X). But, they did not give an explicit characterization of monomials in 
M(X). For the special linear Lie algebra, in [8], Kang, Kim and the Author gave an explicit 
characterization and investigated the connection with the realization in terms of semistandard 
tableaux. Moreover, for the affine Lie algebra A„ \ in [15], Kim gave an explicit description 
and she gave crystal isomorphisms from monomial realization to path realization and Young 
wall realization given in [3, 5, 6, 7]. 

In this paper, for any dominant integral weight A, we give an explicit description of the 
crystal A4(X) for U q {G 2 ). In addition, we discuss the connection between the monomial 
realization and tableau realization of crystal bases given by Kang and Misra. 

Acknowledgments. The author would like to express his sincere gratitude to Professor 
S.-J. Kang and Doctor J.-A. Kim for their interest in this work and many valuable discussions. 



1 Crystal bases and Nakajima's monomial 

1.1 Crystal bases for U q (G 2 ) 
( 2 -3 \ 

Let A = [ be a Cartan matrix of type G 2 . Then we have the finite dimensional 

\-l 2) 

simple Lie algebra G 2 and the quantum group U q {G2) associated to A with a Cartan subalgebra 
f), the set of simple roots IT = {cti, a 2 } and the set of simple coroots II V = {hi, h 2 }. Let Aj € [)* 
(i = 1,2) be the fundamental weight and set P = ZAi © ZA 2 and P + = Z>oAi © Z>oA2- 
Then every finite dimensional [/^(G^-module M is a direct sum of irreducible modules V(X) 
with A G P+. 

Let M be a finite dimensional U q (g)-module, then we have the crystal basis (L, B) [10, 11]. 
The set B gives a colored oriented graph structure with the arrow defined by 
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b —> V if and only if fjb = b'. 

The graph B is called the crystal graph of M. Moreover, the crystal bases have a nice behavior 
with respect to the tensor product. See [2] for more details of quantum groups and crystal 
bases. 

Now we give the description of the set of tableaux of type G2 which is a realization 
of crystal basis [9]. Let A be a dominant integral weight. Then the crystal graph B(X) 
of the irreducible highest weight module V(X) is realized as the set of tableaux on / = 
{1,2,3,0,3,2,1} with the linear order l-<2-<3^0^3^2^T. To describe B(X), we need 
some definitions and conditions. 

Definition 1.1. For i,j = 0, 1,2,3, we define 

dist(i, j) = dist(JJ) =j-i for i < j, i,j = 1, 2, 3, 
dist(«, 0) = dist(0, l)=A-i for i = 1, 2, 3, 
dist(ij) = 8- (i+j) for i,j = 1,2,3. 

We also define dist(a, b) = dist(6, a) and dist(a, a) = for all a,b € I. 

Now, we are ready to give a characterization of tableaux for type U q {G2)- 

Proposition 1.2. For a dominant integral weight X, the crystal graph B{X) is realized as the 
set of tableaux T of shape X with entries on I such that 

(i) the entries of T weakly increase along the rows, but the element cannot appear more 
than once, 

(ii) the entries of T strictly increase down the columns, but the element can appear more 
than once, 

(in) for each column C of length 2 with the entries a,b, dist(a,b) < 2 for a = 1,0 and 
dist(a, b) < 3 otherwise, 

(iv) for each pair of adjacent columns C , C of length 2 with the entries (from left to right 
and from top to bottom) a,b,c,d, dist(a,d) > 3 for a = 2,3,0 and dist(a,d) > 2 for 
a = 3. 

1.2 Nakajima's monomials 

In this subsection, we recall the crystal structure on the set of monomials discovered by 
Nakajima [24]. Our presentation follows that of Kashiwara [12]. Moreover, we only treat the 
monomials for the type U q {G2)- 

Let A4 be the set of monomials in the variables Yi(n) for i = 1,2 and n £ Z. Here, 
a typical elements M of Ai has the form M = Y^(ni) ai • • ■Yi r (n r ) a " r , where = 1,2 and 
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rifc, cifc £ Z for k = 1, • • • , r. Since Y$(n)'s are commuting variables, we may assume that 
n\ < n-2 < • • • < n r . 

For a monomial M = ^(ni)" 1 • • • Yi r (n r ) ar , we define 



wt(M) = ^a fe A ifc = aiAj! H a r A ir , 

fe=i 

¥>i(M) = max ({ ^ a fc | 1 < s < r) U {0}), 

»k=* 

r 

£i(M) = max ({- ^ a k \ l<s<r-l}u{0}). 



fe = s + l 



It is easy to verify that tfi(M) > 0,£;(M) > 0, and (hi,wt(M)) = ipi(M) - Si{M). 
First, we define 

s 

rif = smallest n s such that (fi(M) = a k 



fc=i 
»fc=» 



s 

n e = largest n s such that (fi(M) = a^. 



fc=i 
»*:=' 



In addition, choose integers C12 and c 2 i such that C\i + C21 = 1, and define 

^i(n) = yi(n)yi(n + l)Y 2 (n + cai)" 1 , 
A 2 (n) = Y 2 (n)Y 2 (n + ljy^n + ci 2 )- 3 . 

Now, the Kashiwara operators e~i, (i = 1,2) on M. are defined as follows. 



fi(M) = 
e~i(M) = { 



i£<pi(M) = 0, 

A("/) _1 M if^(M)>0, 

if£i(M) = 0, 

A(n e )M ifei(M)>0. 



Then the maps wt : A4 — > P, ipi, £; : — ► Z U {-00}, gj, : .M — ► U {0} define a 
L r g (g)-crystal structure on Ai [12]. 
Moreover, we have 

Proposition 1.3. [12] 

(a) For each i = 1,2, M. is isomorphic to a crystal graph of an integrable U^ymodule. 

(b) Let M be a monomial of weight A such that e~iM = for all i = 1,2, and let A4(X) be 
the connected component of M. containing M. Then there exists a crystal isomorphism 

M{\)-^B(\) given by M 1 — > v x . 



4 



Example 1.4. Let c 12 = 1 and c 2 i = 0. Then the connected component containing Y"i(0) 
which is isomorphic to the crystal graph M(Ai) is given as follows: 

Yl (0) ^Y 1 (1)- 1 Y 2 (0) ^Y 1 (l) 2 Y 2 (ir 1 ^Y 1 (l)Y 1 (2)- 1 

-±> Y l {2r 2 Y 2 {\) y 1 (2)y 2 (2)- 1 J- Y^r 1 



2 Characterization of A4(X) and connection with tableau re- 
alization 

2.1 Characterization of Ai(X) 

In this subsection, we give an explicit characterization of the crystal for U q {G 2 ). For 

simplicity, we take integers c\ 2 = 1 and c 2 \ = 0. Then we have 

A^n) = Y"i(n)Yi(n + l)Y 2 (n)-\ A 2 (n) = Y 2 (n)Y 2 (n + l)Yi(n + l)" 3 . 

To characterize we first focus on the case that A = A& (k = 1, 2). Let Mq = Yk(m) 

for m G Z, then we see that 

wt(M ) = A fc , <fii{M ) = 5 ik and £j(M ) = for all i = 1, 2. 

Hence e^Mo = for all i = 1,2 and the connected component containing Mq is isomorphic to 
-B(Afc) over U q (G 2 ). For simplicity, we will take Mq = Yfc(l), and that does not make much 
difference. 

We set Y(j(m) ±l = 1 for all m <G Z. For m G Z, we introduce new variables 



Xi(m) 



Y i - 1 (m+ l)- l Yi{m) fori = 1,2, 
Yi(m + l) 2 Y 2 (m + 1) _1 for i = 3, 



(2-1) = j Y-i(m + (4 - z))Y(m + (4 - i))" 1 for * = 1, 2, 

1 Yi(m + 2)- 2 Y 2 (™ + 1) fori = 3, 

X (m) = Yi(m + l)Yi(m + 2) _1 . 

Now, we give a lemma which plays a prominent role in characterizing the connected 
component containing a monomial M. By direct calculation, we have 

Lemma 2.1. For m £ Z, we have 

(a) X 1 (m)X {m - 1) = X 2 (m)X 3 (m - 1) (b) X 1 (m)X^(m - 1) = X 2 (m)X (m - 1) 

(c) X 1 (m)X^{m - 1) = A 3 (m)A (m - 1) (d) X 1 (m)X J {m - 1) = A (m)A (m - 1) 

(e) X 2 {m)X^(m - 1) = A^m^m - 1) (f) X 2 (m)X T (m - 1) = A^m^m - 1) 

(g) X 3 (m)A-(m - 1) = X (m)X^m - 1) (h) X (m)X T (m - 1) = A^mjA^m - 1) 

Remark 2.2. If we consider the monomials X a (m)Xp(m — 1) in the left hand side, we have 
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dist(a, p) > 3 if a = 2, 3 or 0, 
dist(a, P)>2 if a = 3. 

Similarly, if we consider the monomials X 1 {m)X${m — 1) in the right hand side, we have 

dist(7,<5)<2 if 7 = 1,0, 
dist(7, 8) < 3 otherwise. 

Proposition 2.3. (a) Let Mq = Y"i(l) = X\(l) be a monomial of weight Ai such that 
iiMo = for i = 1,2, i/ien i/je connected component M(Ai) of M. containing Mq is 

{X a (l) | a = 1,2,3,0,3,2,1}. 

(b) Let Mq = 5^(1) = -^1(2)^2(1) a monomial of weight A2 swc/i that ^Mq = /or 
i = 1,2. TTten i/te connected component M(A2) of M. containing Mq is 

{X a (2)X b (l) \a<h, ora = b = 0}. 

Proof. Since it is very easy to see (a), we only treat (b). By Proposition 1.3, it suffices to 
prove that M(A2) U {0} is closed under the actions of ej and /j for z = 1,2, and Mq is the 
unique monomial of weight A2 such that e^Mo = for i = 1, 2. But, it is clear by the following 
connected component of ^2(1) = -^1(2)^2(1) ■ 



X!(2)X 2 (1) 

2 



Xl(2)X 3 (l) 



X 2 (2)X 3 (1) 
= Xi(2)X (l) 



X 2 (2)X (1) 
■Xi (2)Xg (1) 



X 2 (2)X^l) 



X 2 (2)%(1) 
= X 3 (2)Xj(l) 



X 3 (2)X (1) 

X (2)X (1) 
= X 1 (2)X-(1) 



X 2 (2)X T (1) v-,('9iv-_c 1 '> 
2 

X (2)X,(1) 
X 3 (2)X-(1) 



%(2)%(1) 

:X (2)X-(1) 



%(2)X T (1) 

\? 

%(2)X-(1) 



□ 



Remark 2.4. If we take Mo = ifc(iV) (A; = 1,2), then we need to replace Xj(m) by Xj(m + 
JV-1). 

Applying Lemma 2.1, i.e., replacing monomials in the left hand side with the monomials 
in the right hand side, we have 
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Theorem 2.5. Let Mq = Y 2 (l) = Xi(2)X 2 (l) be a monomial of weight A 2 such thatiiM = 
fori = 1,2. T/ien the connected component A4(A 2 ) of M. containing Mq is characterized as 

M(A 2 ) = fx a (2)X b (l) Ma^b, ora = b = 0, 1 
[ (ii) dist(a, b) < 2 for a = 1,0, dist(a, b) < 3 otherwise. J 

We now consider the general case. By direct calculation, we have 
Lemma 2.6. For m £ Z, we have 

X (m) 2 = X 3 (m)Xz(m). 
Proposition 2.7. Let X = mAi + nA 2 . Then the connected component M.(X) containing 

M = Y 1 {l) m Y 2 (l) n = X l (l) m (X l (2)X 2 {l)) n 
is expressed as the set of monomials 

M = X ai (2) • • • X an (2)X bl (1) • • • X bm+n (1) 

Om+n ) 

satisfying following conditions: 

(2.2) aj ~< bj unless aj = bj = for j = 1, • • • , n. 

Proof. As in Proposition 2.3, it suffices to prove the following statements: 

(a) For all i = 1, 2, we have e^(A) C M{\) U {0} and fiM(X) C M{\) U {0}. 

(b) If M e M(X) and eiM = for all i = 1, 2, then M = M . 

We first prove the statement (a). Let M be a monomial of M(X). Assume that f. L M / 
for i = 1,2. Then /jM is obtained by multiplying ^(/c) -1 from M for some k. Note that 
and A 2 (k)~ 1 are expressed as 

W^ 1 = X 1 (fc)- 1 X 2 (A;) = X 3 (A: - l)" 1 ^* - 1) 

= X (k - l^X^k - 1) = X f (A; - 2)- 1 X T {k - 2) 

and 

(2.4) A 2 (k)- 1 = X^k^Xsik) = X^{k - l^X^k - 1). 

Suppose that faM does not satisfy the condition (2.2). It means that 

Ai{k)~ l = A A p(2)- 1 A" p+ i(2) for some p determined by (2.3) and (2.4) 

and there is no element among b\, ■ ■ ■ ,b n larger than p + 1, where p + 1 denote by the next 
element of p under the ordering in /. But, by the condition (2.2), there should be a X p+ i(l) 
in M and so it is a contradiction. 

Similarly, we can prove that eiM(X) C M(X) U {0}. 

To prove (b), suppose M € A4(X) and e^M = for all i = 1,2. Then we can easily check 
that b n+ \, ■ ■ ■ , b m+n , a±, ■ ■ ■ ,a n should be 1. Moreover, b±, ■ ■ ■ ,b n should be 2. Therefore, we 
have M = Xi(l) m (Xi(2)X 2 (l)) n = Yi(l) m Y 2 (l) n • □ 
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Remark 2.8. For dominant integral weights A, fi, and r such that A = \i + r, we have 

M(X) = {M X M 2 | Mi e .M(/i), M 2 e M(r)}. 

Now, we consider a monomial M in At (A) with a dominant integral weight A = mAi+nA 2 . 
At first, for any expression of 

M = X ai (2) • • • X an (2)X bl (1) • • • X 5m+n (1), 

we put Xi(j) in the j-th row from bottom so that X b (j) exists to the right hand side of X a (j) 
for a <b. That is, 

X an (2)...X ai (2) 

x bn+ Ji)---x bn+1 (i)x b ji)---x bl (i) 

Secondly, we apply the following rules: 

(al-1) If there is a pair (X a (2), Xp(l)) such that X a (2)Xp(l) is one of monomials in the left 
hand side of Lemma 2.1, and X a {2) and Xp(l) lie in the same column or Xp(l) lies 
in the left hand side of X a (2), then we replace (X a (2), Xp(l)) with (X 7 (2), X s (l)) 
which is the pair of monomials corresponding to X a (2),Xp(l). Moreover, if there 
are several such pairs, then we apply above rule from the pair (X a (2),Xp(l)) with the 
largest distance between X a {2) andX / g(l) to the pair (X a t(2),Xpi(l)) with the smallest 
distance between X a i{2) and Xp>(l). 

(al-2) If there is a pair (X 7 (2), Xg(l)) such that X^(2)X§(1) is one of monomials in the right 
hand side of Lemma 2.1, and Xs(l) lies in the right hand side of Xy(2), then we replace 
(X y (2),Xs(l)) with (X a (2),Xp(l)) which is the pair of monomials corresponding to 
Xy(2), Xg(l). Moreover, if there are several such pairs, then we apply above rule from 
the pair (Xj(2),Xs(l)) with the largest distance between AT 7 (2) and Xs(l) to the pair 
(Xy(2),Xs'(l)) with the smallest distance between Xy(2) and Xy(l). 

(al-3) If there is a pair (X (p), X (p)) (p = 1,2), then we replace ( X (p) , X (p) ) by (X 3 (p), X^(p)). 

From now on, we denote by [M] the expression of monomial M obtained by (al-1), (al-2) 
and (al-3). 

Example 2.9. (a) Let A be a dominant integral weight Ai + 3A 2 and let M be a monomial 
yi(2) 3 yi(3)- 3 yi(4)- 1 y 2 (2) 2 y 2 (3)~ 1 , then it can be expressed as 

M = X 2 (2)X l {2) 2 X J (l)X 1 {l)X^(l)X^l) 
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and so it is a monomial of M(X). Moreover, we have 

X 1 (2)X 1 (2)X 2 (2) = X l {2)X 2 (2)X 2 {2) 

X (l)*3(l)*2(l)*i(l) ( al " X ) ^3(l)^3(l)^2(l)^i(l) 

X 1 (2)X 2 (2)X 3 (2) 
(al-1) ^3(1)^3(1)^3(1)^(1) 

X 2 (2)X 2 (2)X (2) 
(al-1) X 3 (l)X (l)X 5 (l)Xj(l) ' 

Therefore, 

[M] = X (2)X 2 (2) 2 X^(l)X^l)X (l)X 3 (l). 

(b) Let A be a dominant integral weight 2A 2 and let M be a monomial Yi(2) 2 Yi(4) 
then it can be expressed as 

M = X (2) 2 X (1) 2 

and so it is a monomial of M(X). Moreover, we have 

X (2)X (2) = X 1 (2)X (2) = X 2 (2)X^{2) 
X (1)X (1) (al-2) X (1)X T (1) (al-1) X 3 (1)X?(1) ' 

Therefore, 

[M]=Xz(2)X 2 (2)X 2 -(l)X 3 (l). 
By the algorithm (al-1), (al-2) and (al-3), we have 
Theorem 2.10. Let A = mAi + nA 2 . Then the connected component J\4(X) containing 

M = yi(i) m y 2 (i)» = x 1 (i) m (x 1 (2)x 2 (i)) n 

is expressed as the set of monomials 

M = X ai (2)-..X an (2)X bl (l)-..X bm+n (l) 
(ai >r • • • y a n , hy---h b m+n ) 

satisfying following conditions: 

(i) 's can not be repeated in a±, • • • ,a n and b±, ■ ■ ■ , b m+n , respectively, 

(ii) aj ~< bj unless dj = bj = for j = 1, • ■ • , n, 
(hi) /or j = 1, • • • ,n, 

dist(<2j, 6j) < 2 if dj = 1 or 0, 
dist(aj, 6j) < 3 otherwise, 

(iv) for 3 = 2,- , n, 

dist(aj, £>j_i) > 3 z/ aj = 2, 3 or 0, 
dist(aj, 6j_i) > 2 z/ Oj = 3. 



9 



2.2 Connection with other realizations of crystal graphs 



In this subsection, we give a natural 1-1 correspondence between monomial realization and 
tableau realization of crystal bases of type UqiG^)- 

Let A = mAi + nA 2 be a dominant integral weight. The tableau realization T(A) of 
B(\) given by Kang and Misra was obtained by imbedding B(X) to B(Ai)® m <g> B(A 2 )® n . 
Similarly, if we imbed B{\) to £>(A 2 )® n <S> B{k\)® m , we can have another tableau realization 
5(A). That is, for a dominant integral weight A = mki + nA 2 , we can associate a diagram 
which is a collection of n boxes in top row and m + n boxes in bottom row in right justified 
rows and B{\) is realized as the set 5(A) of tableaux satisfying the same condition as T(A) 
on this diagram. 

Theorem 2.11. Let A = mAi + nA 2 be a dominant integral weight. Then there is a crystal 
isomorphism tp ■ M(X) — > 5(A). 

Proof. Let M be a monomial in M(X). Then M is expressed as 

M = X ai (2)---X an (2)X bl (l)---X bm+n (l) 
in Theorem 2.10. We define ip(M) by the tableau 





0,-n 




ai 


">m+n 






b n 




bi 



Then it is clear that ip(M) belongs to 5(A) by the condition (i)-(iv) in Theorem 2.10. 
Conversely, for a tableau 









ai 






b n +l 


bn 




bi 



e 5(A), 



we also define ip 1 (T) by the monomial 

X ai (2)---X an (2)X bl (l) 



x b + (!)• 



Then by definition it is clear that tp and ip" 1 are inverses to each other. 

Now, it remains to show that ip is a crystal morphism. But, because of (2.3) and (2.4), it is 
easy to see that tp is a crystal morphism of [/^(G^-modules from the definition of Kashiwara 
operators on the set A4 of monomials and the tensor product rule of Kashiwara operators 
which is applied to the set 5(A). □ 

Example 2.12. Let A be a dominant integral weight Ai + 3A 2 and let M be a monomial 
Fi(2) 3 yi(3)- 3 yi(4)- 1 y 2 (2) 2 y 2 (3)^ 1 € M{\) given in Example 2.9 (a), then it can be ex- 
pressed as 

M = A (2)A 2 (2) 2 A2(1)A3(1)A (1)A 3 (1). 

Then we have 

ip(M) 





2 


2 





3 





3 


2 
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We have the following proposition between 5(A) and T(A). 



Proposition 2.13. [16] For a dominant integral weight A = mA\ + nA2, there is a crystal 
isomorphism if : 5(A) — > T(A) for U q {G 2 ) -module given by 

<p(S) = 52,1 52,2 <—■•••«— 52, ra <— 5i,i 5i, m , 

where 5j,j G 5(Aj) (i = 1, 2) is i/ie column of S of length i from right to left. 

Corollary 2.14. Let A = mAi + 71A2 be a dominant integral weight. There is a crystal 
isomorphism 4> '■ M(X) — > T(A). 



Proof. By Theorem 2.10 and Proposition 2.13, (j) = ip o ^ is a crystal isomorphism. 



□ 



Example 2.15. Let M be a monomial yi(2) 3 yi(3)" 3 yi(4)" 1 y 2 (2) 2 l2(3) _1 given in Example 
2.12. Then we have 

4>{M) = 5 2 ,i <- 5 2 ,2 <- 5 2 ,3 <- 5i,i 



Conversely, let T be a tableau of T(Ai + 3A2 

T = 



By applying the reverse bumping rule to the entries from bottom to top and from right to 
left, i.e., from the entry 1 of the rightmost column to the entry 1 on top of the leftmost 
column, we have the following sequence 



(0,2,2,3,2,0,3). 



Therefore, we have 



and since 



'2,1 



5> 



2,2 



5> 



2,3 



and 5i,i = [7], 



we have 



^(52,1) = X {2)Xz(l), ip- l (S 2 ,2) = X 2 {2)Xz(l), 
^- 1 (S 2t3 ) = X 2 (2)X (1), = X 3 (l), 

<p~\T) = iJ- 1 (S 2 ^~ l (S2,2)^~HS 2 , 3 )ij- 1 (S 1A ) 

= y 1 (2) 3 y 1 (3)- 3 y 1 (4)- 1 y 2 (2) 2 y 2 (3)- 1 . 
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2.3 Another realization of crystal graphs 

In this subsection, we discuss about another connected component which is isomorphic to the 
crystal graph B(X) with a dominant integral weight A. More precisely, let Mq be a monomial 
Fi(-l) m y 2 (-2) n = X 1 (-l) m (X 1 (-l)X 2 (-2)) n . Then M is a monomial of weight mA 1 +nA 2 
such that e;Mo = for all i = 1,2. Moreover, we have 

Theorem 2.16. Let A = mAi + nA 2 . Then the connected component M'(X) containing 

M = Yi(-l)™y 2 (-2)« = X 1 (-l) m (X 1 (-l)X 2 (-2)f 

is expressed as the set of monomials 

M = X ai (-1) • • • X am+n (-l)X bl (-2) ...X bn (-2) 
(ai ^ • • • ^ a m+n , ■■■ ^b n ) 

satisfying following conditions: 

(i) O's can not be repeated in a±, - ■ ■ , a m+n and b\, ■ ■ ■ ,b n , respectively, 

(ii) aj ~< bj unless aj = bj = for j = 1, • ■ • , n, 
(hi) /or j = 1, • • • ,n, 

dist(oj, 6j) < 2 z/ aj = 1 or 0, 
dist(aj, bj) < 3 otherwise, 

(iv) for j = !,-■■ ,n-l, 

dist(aj, > 3 z/ dj = 2, 3 or 0, 
dist(aj, 6j + i) > 2 if aj = 3. 

Proof. By the same argument in Proposition 2.7, it is proved. So we omit it. □ 

Theorem 2.17. Let A = mAi + nA2 &e a dominant integral weight. Then there is a crystal 
isomorphism ip : Ai'(X) — > T(A). 

Proof. Let M be a monomial in A4'(A). Then M is expressed as 

M = X ai (-1) • • ■ X am+n (-l)X bl (-2) • • • X bn (-2). 
We define ijj(M) by the tableau 



ai 




a n 






1 771+71 


bi 




b n 





Then it is clear that ip(M) belongs to T(A) by the condition (i)-(iv) in Theorem 2.16. 
Conversely, for a tableau 
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a l 










l Tn-j-" 


bi 









G T(A), 



we also define ip 1 (T) by the monomial 

X ai (-1) • • • X am+n (-l)X bl (-2) • • • X bn (-2). 

Then by definition it is clear that ip and ip -1 are inverses to each other. Moreover, it is also 
easy to see that ip is a crystal morphism of C/ 9 (G2)-modules. □ 
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